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Abstract
We examine the emergence of the infrared logarithms in the cosmological perturbation theory
applied to the minisuperspace scalar slow-roll inflation. Not surprisingly, in the single scalar field
model the curvature perturbation ζ is conserved and no ln aB behavior appears, where aB(t) is the
background scale factor of the universe. On the other hand, in the presence of a spectator scalar
the n’th order perturbation theory gives an (ln aB)
n correction to ζ. However, a nonperturbative
estimate shows that ζ actually becomes the sum of a constant and a mildly evolving ln aB pieces.
∗ ali.kaya@boun.edu.tr
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I. INTRODUCTION
Strong infrared behavior is a characteristic feature of the inflationary physics [1] (for
reviews see e.g. [2, 3]). The modes are continuously pushed from subhorizon to superhorizon
regimes, which enlarges short distance quantum effects on cosmologically interesting scales.
Most of the time, the loop corrections contain infrared infinities that must properly be
handled by viable physical reasoning. The so called infrared logarithms1 show up in loops
as a reminiscent of the peculiar infrared behavior (see e.g. [4–14]).
In this paper, we apply cosmological perturbation theory to the standard scalar slow-
roll inflationary model in the minisuperspace approximation. The minisuperspace theory is
expected to capture the dynamics of the zero modes of the full theory. Besides, it is free from
loop infinities and renormalization issues, which are intricate in the presence of gravity, and
it still contains special features related to the gauge invariance and nonlinearities. Therefore
the results obtained in the minisuperspace approximation must shed light on some crucial
questions in the full theory and our aim here is to examine the appearance of the infrared
logarithms.
We first consider the single scalar field model and obtain the complete gauge fixed action
for the curvature perturbation ζ . The corresponding Hamiltonian can be expanded in powers
of the momentum conjugate to ζ , which becomes an expansion in the inverse powers of the
background scale factor of the universe aB(t). Asymptotically at late times, the quadratic
momentum term, which is still nonlinear in ζ , dominates the dynamics. In this case, ζ is
conserved and no ln aB behavior appears, which is consistent with [16, 17]. We then add a
self-interacting spectator scalar to the system. This time there arises a specific asymptoti-
cally dominant interaction term, which yields an (ln aB)
n correction to ζ in the n’th order
perturbation theory. The emergence of this infrared logarithm is similar to what has been
observed in the field theory calculations. For models having large number of e-folds such
a correction may invalidate the perturbation theory. On the other hand, in the minisuper-
space theory a nonperturbative argument shows that asymptotically ζ has actually a slowly
evolving ln aB correction to the constant mode, which indicates other infrared logarithms
involving higher powers of ln aB might be the artifacts of the perturbation theory.
1 In the presence of the entropy perturbations the infrared loop divergences are power law rather than
logarithmic, see [15].
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II. SINGLE SCALAR SLOW-ROLL INFLATION
We start from the following minisuperspace action:
S = L3
∫
dt a3
{
1
N
[
−6
a˙2
a2
+
1
2
Φ˙2
]
−NV (Φ)
}
, (1)
where the dot denotes the time derivative, N is the lapse function, a(t) is the scale factor of
the universe, Φ is the inflaton and V (Φ) is the inflaton potential (we set the reduced Planck
mass Mp = 1. The proper Mp factors can easily be reinstated by dimensional analysis as
we will do below). The minisuperspace action (1) can be obtained from the usual Einstein-
Hilbert action by setting N i = 0, hij = a
2δij, where N , N
i and hij refer to the standard
ADM decomposition of the metric, and by assuming that the variables N , a and Φ depend
only on time. The parameter L denotes the size of the comoving spatial coordinates and
the factor L3 in (1) arises from their integration reducing the field theory to a quantum
mechanical system.
The action (1) is invariant under a local time transformation with the parameter k0:
δN = k0N˙ +Nk˙0, δΦ = k0Φ˙, δa = k0a˙. (2)
To fix the gauge invariance one may define the background field variables aB and ΦB obeying
6H2B =
1
2
Φ˙2B + V (ΦB), H˙
2
B = −
1
4
Φ˙2B , (3)
where HB = a˙B/aB. Next, one may introduce the fluctuation fields ζ and φ as
a = aBe
ζ, Φ = ΦB + φ, (4)
and impose the gauge φ = 0. After algebraically solving the lapse N from its own equation
of motion one may obtain
S = −2L3
∫
dt a3BVB e
3ζ
[
1 +
12HB
VB
ζ˙ +
6
VB
ζ˙2
]1/2
, (5)
where VB = V (ΦB). We take the background (3) to be a slow-roll inflationary solution with
Φ˙B < 0.
Assuming that the physical size of the pre-inflationary patch is determined by the initial
Hubble parameter Hi, one has
aB(ti)L =
1
Hi
, (6)
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where ti is the initial time of the inflation. Normalizing the scale factor as
aB(ti) =
1
Hi
(7)
corresponds to setting L = 1, which eliminates the unphysical comoving scale from the
equations.
It is instructive to repeat the gauge fixing procedure in the Hamiltonian formulation
where the minisuperspace action (1) can be written as
S =
∫
dt
[
Pˆζ
˙ˆ
ζ + PΦΦ˙−NH
]
,
H = −
1
24
e−3ζˆ Pˆ 2ζ +
1
2
e−3ζˆP 2Φ + e
3ζˆV (Φ), (8)
and ζˆ = ln a. Expanding the variables around their background values
ζˆ = ln aB + ζ, Φ = ΦB + φ, N = 1 + n,
Pˆζ = −12a
3
BHB + Pζ, PΦ = a
3
BΦ˙B + Pφ, (9)
the action becomes
S =
∫
dt
[
Pζ ζ˙ + Pφφ˙−HF − nC
]
, (10)
where HF is the fluctuation Hamiltonian involving all variables but n and C is the constraint
given by
C = −
1
24a3B
e−3ζ
(
−12a3BHB + Pζ
)2
+
1
2a3B
e−3ζ
(
a3BΦ˙B + Pφ
)2
+ a3Be
3ζV (ΦB + φ). (11)
After imposing the gauge φ = 0, one may solve2 the constraint C = 0 for Pφ, which would
give the reduced action for ζ and Pζ
S =
∫
dt Pζ ζ˙ − Φ˙B
[
1
12
(
Pζ − 12a
3
BHB
)2
− 2a6BVBe
6ζ
]1/2
+HBPζ + 6a
3
BVBζ. (12)
In the phase space path integral quantization, this procedure corresponds to the Faddeev-
Popov gauge fixing
δ(φ)δ(C) det {φ, C} = δ(φ)δ(C)
∂C
∂φ
= δ(φ)δ(Pφ − P
∗
φ), (13)
where P ∗φ is the solution of C = 0. One can check that the two actions (5) and (12) are
related by the Legendre transformation exchanging the Lagrangian and the Hamiltonian.
2 In solving Pφ one should keep in mind that a
3
BΦ˙B + Pφ < 0 since we are making an expansion around a
background solution with Φ˙B < 0.
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One may see that a constant ζ solves the equations of motion that follows from (5)
provided that the background equations (3) are satisfied. At first, this is not obvious from
(5) since it contains a pure ζ term with no time derivatives when the square root in (5) is
expanded. In any case, it is possible to add (5) a total derivative term so that
S = −2
∫
dt a3BVB e
3ζ
[
1 +
12HB
VB
ζ˙ +
6
VB
ζ˙2
]1/2
+ 2
∫
dt a3B e
3ζ
[
VB + 6HB ζ˙
]
, (14)
=
∫
dt a3B e
3ζ
[
3Φ˙2B
VB
ζ˙2 −
18HBΦ˙
2
B
V 2B
ζ˙3 + ...
]
. (15)
It is now clear from (15) that the equation of motion involves only the time derivatives of ζ
and a constant mode is a trivial solution. Note that by normalization (7), the scale factor aB
has mass dimension −1. In the Hamiltonian language the extra surface term added in (14)
corresponds to a canonical transformation Pζ → Pζ +12a
3
BHB− 12a
3
BHBe
3ζ as compared to
(12). The Hamiltonian of (14) can be found as
H = −a3BΦ˙
2
Be
3ζ
[
1−
2HB
a3BΦ˙
2
B
e−3ζPζ +
1
12a6BΦ˙
2
B
e−6ζP 2ζ
]1/2
−HBPζ + a
3
BΦ˙
2
Be
3ζ , (16)
=
VB
12a3BΦ˙
2
e−3ζP 2ζ +
HBVB
12a6BΦ˙
4
B
e−6ζP 3ζ + ... (17)
where the dotted terms are suppressed with more powers of the background scale factor.
Evidently, the first term in (17) dominates the dynamics at late times in inflation.
The interaction picture operators are governed by the free Hamiltonian
H0 =
VB
12a3BΦ˙
2
B
P 2ζ . (18)
Their time evolution can be found as
ζI(t) = ζi +
1
6
∫ t
ti
dt′
VB(t
′)
aB(t′)3Φ˙B(t′)2
Pi,
PζI = Pi, (19)
where ζi and Pi are the initial time independent (Schro¨dinger) operators obeying [ζi, Pi] = i.
An operator in the Heisenberg picture OH can be related to the corresponding interaction
picture operator OI by
OH = U
†
IOIUI , (20)
where iU˙I = HIUI , U(ti) = I and HI is the interaction Hamiltonian in the interaction
picture. As shown by Weinberg [4], (20) can be expanded as
OH(t) = OI(t)− i
∫ t
ti
dt′ [OI(t), HI(t
′)]−
∫ t
ti
dt′′
∫ t
t′′
dt′ [[OI(t), HI(t
′)], HI(t
′′)] + ... (21)
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where the dotted terms contain more nested commutators of OI with HI . Eq. (21) can be
used as the basis for the in-in perturbation theory. From (17) the interaction Hamiltonian
can be determined as
HI =
VB
24a3BΦ˙
2
B
{(
e3ζI − 1
)
, P 2ζI
}
+ ... (22)
where we apply symmetric ordering to make HI Hermitian.
One may approximate the time integrals during slow-roll inflation by taking (note the
normalization (7))
aB ≃
1
HB
eHB(t−ti) (23)
and by treating the slowly changing variables HB, VB and Φ˙B as constants. Using (22) in
(21) for ζ , one finds that at the end of inflation after N e-folds
ζH = ζi +
H2B
12M2p ǫ
Pi + ... +O
(
e−3N
)
, (24)
where the slow-roll parameter is defined as
ǫ =
3Φ˙2B
VB
≃ −
H˙B
HB
, (25)
and dots denote time independent but nonlinear terms in ζi and Pi coming from the lower
limits of the time integrals in (21) at ti. Consequently, one sees that at late times ζH
exponentially asymptotes to a constant operator and no infrared logarithms appear.
We observe that neglecting all but the first term in (17), which are exponentially sup-
pressed at late times, gives an explicitly integrable system. Namely, the (classical) equations
corresponding to the Hamiltonian
H =
VB
12a2BΦ˙
2
B
e−3ζP 2ζ , (26)
can be integrated to get
ζ(t) = ζi +
2
3
ln
[
1 + Pie
−3ζi
∫ t
ti
dt′
VB
4a3BΦ˙
2
B
]
,
Pζ(t) = Pi + P
2
i e
−3ζi
∫ t
ti
dt′
VB
4a3BΦ˙
2
B
. (27)
In the quantum theory (27) should be true for Heisenberg operators provided that operator
orderings are solved in a suitable way. Eq. (27) shows that the asymptotic change of ζ
compared to its initial value is determined by the dimensionless parameter H2/(M2p ǫ).
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Till now in our discussion we have focused on the evolution of the Heisenberg operator ζH .
As for the initial state it is natural to take a minimum uncertainty Gaussian wave function
ψ(ζi), which has zero mean < ζi >= 0 and the deviations < ζi >= σ
2, < P 2i >= 1/4σ
2.
Although this choice can be motivated from field theory side, the value of the deviation σ
cannot be directly deduced from the field theory, which has a continuous spectrum of wave
numbers and the zero mode is not isolated (unless the space is not compact). On the other
hand, one must also note that the validity of the perturbation theory actually depends on
the initial state. Choosing σ to be extremely small would yield a large momentum that may
invalidate the perturbative expansion in Pζ , at least at early times during inflation when the
exponential suppression is not effective yet.
In showing the constancy of ζ in single scalar inflationary models, the consistency con-
dition in the squeezed limit [18, 19], hence the choice of the Bunch-Davies vacuum, plays
an important role, see [20]. In the minisuperspace model, no such property is needed since
the time independence of ζ becomes an operator statement, i.e. the Heisenberg picture ζH
exponentially approaches to a constant operator as in (24). We anticipate this should also
be the case in field theory since at late times semi-classical approximation becomes excellent
[21] and ζ is conserved in the classical theory.3 Therefore, the constancy of ζ in cosmological
perturbation theory must hold not just for the Bunch-Davies vacuum but for a wider range
of states.
III. ADDING A SPECTATOR
We have seen in the previous section that the ζ-self interactions cannot yield infrared
logarithms in the minisuperspace perturbation theory. From (19) and (23) one sees that
[ζI(t), ζI(t
′)] ∝ 1/a3B, thus the time integrals in the perturbative series in (21) can produce
an infrared logarithm provided that HI ∝ a
3
B. To produce such an interaction term one may
add a self-interacting massless spectator scalar ϕ which has the potential V (ϕ). It is easy
to repeat the gauge fixing in the presence of the spectator to get the following gauge fixed
3 Indeed, one naturally expects that some form of minisuperspace description of superhorizon modes, which
is similar to the one considered here, must be valid at late times. However, such an approximation, if ever
exists, is only possible in a suitable gauge that allows a smooth soft limit, which is not the case for the
standard ζ-gauge because the shift N i is non-local.
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action:
S = −2
∫
dt a3BVB e
3ζ
[
1 +
V (ϕ)
VB
]1/2 [
1 +
12HB
VB
ζ˙ +
6
VB
ζ˙2 −
1
2VB
ϕ˙2
]1/2
. (28)
By expanding the square roots one may obtain the free Lagrangian and various interactions,
where the quadratic spectator action is given by
S =
1
2
∫
dt a3B ϕ˙
2. (29)
Hence, the interaction picture spectator operators evolve like
ϕI = ϕi +
∫ t
ti
dt′
aB(t′)3
Pϕi,
PϕI = Pϕi, (30)
where PϕI is the momentum conjugate to ϕI , and ϕi and Pϕi are time independent initial
operators obeying [ϕi, Pϕi] = i.
Among the interactions that follow from (28) we focus on the following one
HI = a
3
BV (ϕI)
(
e3ζI − 1
)
, (31)
which would potentially yield infrared logarithms in the perturbation theory as noted above.
Indeed, from the first order correction in (21) one may find
ζH = ζI −
1
2
∫ t
ti
dt′aB(t
′)3 V (ϕI(t
′))e3ζI(t
′)
∫ t
t′
dt′′
VB
a3BΦ˙
2
B
. (32)
Using (23) one can get a late time expansion of the interaction picture operators so that at
the end of inflation after N e-folds one has
ζI = ζi +
H2B
12M2p ǫ
Pi +O
(
e−3N
)
,
ϕI = ϕi +
H2B
3
Pϕi +O
(
e−3N
)
. (33)
Utilizing this expansion in (32) gives
ζH(t) = ζc +
1
12H2BM
2
p ǫ
[
1− 3 ln
(
aB(t)
aB(ti)
)]
V (ϕc) e
3ζc +O
(
e−3N
)
, (34)
where the constant operators ζc and ϕc are defined from (33) by
ζc = ζi +
H2B
12M2p ǫ
Pi,
ϕc = ϕi +
H2B
3
Pϕi. (35)
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As it is anticipated, the interaction (31) yields an infrared logarithm in the first order
perturbation theory.
The above calculation hints how one should handle the higher order perturbative correc-
tions. Namely, one should first evaluate the commutators in (21) using
[ζI(t), ζI(t
′)] =
i
6
∫ t′
t
dt′′
VB
a3BΦ˙
2
B
, [ϕI(t), ϕI(t
′)] = i
∫ t′
t
dt′′
a3B
. (36)
One can then apply the late time expansion of the interaction picture operators given in
(33) and calculate the time integrals of the leading order terms. Using this strategy one may
obtain the following second order correction to ζH :[
V (ϕc)
2
16M4pH
2
Bǫ
2
e6ζc +
V ′(ϕc)
2
36M2pH
2
Bǫ
(
e6ζc − e3ζc
)] [
1− 2 ln
(
aB(t)
aB(ti)
)
+
3
2
ln2
(
aB(t)
aB(ti)
)]
, (37)
where V ′(ϕ) = dV/dϕ. Note that (37) contains a different type of infrared logarithm, i.e. a
log square.
It is possible to argue that the interaction (31) yields the factor lnn(aB(t)/aB(ti)) in the
n’th order perturbation theory. In the n’th term of (21) there are n factors of a3B coming
from the interaction Hamiltonian and there are n factors of a−3B coming from n-commutators.
At late times, these cancel each other and the interaction picture operators asymptote to
constant operators as in (33). Hence, to leading order one ends up with an n-dimensional
time integral of a constant operator giving (t− ti)
n = HnB ln
n(aB(t)/aB(ti)).
These findings are consistent with what has been observed in the field theory calculations
[4–6]. In the minisuperspace approximation one can further make a nonperturbative estimate
as follows: Using the asymptotic form (33), the interaction Hamiltonian converges to
HI = a
3
BV (ϕc)
(
e3ϕc − 1
) {
1 +O
(
e−3N
)}
. (38)
One can check that at late times the commutator [HI(t), HI(t
′)] is suppressed by a huge
factor related to the number of e-folds as compared to the product HI(t)HI(t
′). Therefore,
to a very good approximation HI(t) becomes a self-commuting operator of its argument
after some time tm corresponding to, say, 10 e-folds (the fact that ζ has a similar property
has been used to argue the classicality of the cosmological perturbations [21]). The unitary
interaction picture evolution operator can be decomposed like
UI(t, ti) = U2(t, tm)U1(tm, ti). (39)
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Since HI(t) can be treated as a self-commuting operator when t > tm, one may approximate
U2(t, tm) = Te
−i
∫
t
tm
dt′HI(t
′) ≃ e−i
∫
t
tm
dt′HI (t
′). (40)
Furthermore one has
ζH = U
†
I ζIUI = U
†
1U
†
2ζIU2U1. (41)
To proceed we note
[ζI(t), HI(t
′)] = 3[ζI(t), ζI(t
′)]HI(t
′), (42)
thus using (40) one may find
[ζI(t), U2]≃
1
2
∫ t
tm
dt′aB(t
′)3V (ϕ(t′))e3ζI(t
′)
∫ t′
t
dt′′
VB(t
′′)
aB(t′′)3Φ˙B(t′′)2
U2
≃
1
12H2BM
2
p ǫ
[
1− 3 ln
(
aB(t)
aB(ti)
)]
V (ϕc)e
3ϕc U2. (43)
So (41) becomes
ζH ≃ U
†
1ζcU1 +
1
12H2BM
2
p ǫ
[
1− 3 ln
(
aB(t)
aB(ti)
)]
U †1V (ϕc)e
3ϕcU1. (44)
The unitary operator U1 only mixes the operators up to time tm and its action merely
produces constant operators since these do not depend on the final time. As a result,
in (44) we are able to extract the leading order time dependence of ζ , which is a single
infrared logarithm of the form ln aB, and other corrections are exponentially suppressed. On
dimensional grounds one may estimate that (in expectation values) V (ϕc) ∝ H
4
B, therefore
the infrared logarithm correction is suppressed by the factor H2/(M2p ǫ), which is generically
small in realistic models.
The above nonperturbative argument shows that the (ln aB)
n behavior for n > 1 that
arises in the n’th order perturbation theory may be an artifact of that approximation. For
t < tm the sum of all these terms must yield the time evolution dictated by the unitary
operator U1, which we manage to bypass in our analysis. The minisuperspace approxima-
tion clearly shows the emergence of a single infrared logarithm related to the asymptotic
form of the interaction picture operators. Specifically, after some time during inflation an
interaction picture operator becomes almost self-commutative when evaluated at different
time arguments. In that case, in relating the Heisenberg and the interaction picture opera-
tors by a unitary transformation, it is enough to carry out a single commutator that cancels
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a3B factor in the interaction Hamiltonian. The time integral of the leading order constant
operators then gives a single infrared logarithm as in (44).
Finally, it is instructive to consider a massive spectator to see how the emergence of
infrared logarithms depends on the mass parameter. In that case the quadratic spectator
action (29) becomes
S =
1
2
∫
dt a3B
[
ϕ˙2 −m2ϕ2
]
(45)
and the interaction picture operators can be solved as
ϕI = f1(t)ϕi + f2(t)Pϕi,
PϕI = a
3
B f˙1(t)ϕi + a
3
B f˙2(t)Pϕi, (46)
where f1 and f2 are the two solutions of
f¨ + 3HB f˙ +m
2 f = 0 (47)
determined by the initial conditions
f1(ti) = 1, f˙1(ti) = 0,
f2(ti) = 0, f˙2(ti) = aB(ti)
−3. (48)
Let us now examine the first order correction which is still given by (32). For the massless
spectator when m = 0, one has f1 = 1 and f2 = [aB(ti)
−3 − aB(t)
−3]/(3HB), where we
assume (23). Here, f1 is already a constant and f2 exponentially approaches to a constant,
consequently one has (33) which then gives the infrared logarithm (34). However, when
m 6= 0 the two solutions of (47) for constant HB are given by
exp [n±HB(t− ti)] , n± = −
3
2
±
√
9
4
−
m2
H2B
, (49)
which are decreasing functions of time. Accordingly, both f1 and f2 turn out to decay either
as exp(−m2(t− ti)/3HB) for m≪ HB or as a
−3/2
B for m > 3HB/2. Using (46) in (32), one
may then see that the integrand in (32) does not approach to a time independent operator
yielding the infrared logarithm as in the case of a massless spectator, but instead it becomes
an exponentially decreasing function of t′ whose integral gives a smaller correction for larger
mass.
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IV. CONCLUSIONS
In this paper we investigate the appearance of the infrared logarithms in the cosmological
perturbation theory by studying the scalar slow-roll inflationary model in the minisuperspace
approximation, which simplifies the field theoretical system involving gravity to a quantum
mechanical one. The minisuperspace theory is still highly nontrivial because of the nonlin-
earities and the local gauge invariance related to the time reparametrizations. We obtain
the complete gauge fixed action for the curvature perturbation ζ , both in the single scalar
case and when a self-interacting spectator is added. The full action can be expanded around
the inflationary background yielding an infinite number of interaction terms.
In our analysis we focus on the time evolution of the Heisenberg operators, which can
be calculated using in-in perturbation theory. Thus, our findings are state independent
provided that the expectation values do not break down the series expansion. We verify
that in the single scalar case no infrared logarithms appear and ζ exponentially asymptotes
to a constant operator. In the presence of a spectator we find that the n’th order perturbation
theory gives an infrared logarithm of the form (ln aB)
n. Note that supposing the existence
of a spectator is not unnatural for inflation; in any model where Higgs is not the inflaton, it
actually becomes a self-interacting spectator scalar.
In the minisuperspace approximation it is possible to examine the time evolution of
the Heisenberg operators nonperturbatively. Following some time after the beginning of
inflation, the interaction picture operators including the interaction Hamiltonian become
nearly self-commuting at different times. This allows one to extract the leading order time
evolution of ζ where all other corrections are exponentially suppressed. In the presence of a
spectator, this leading order correction turns out to be a single infrared logarithm ln aB. It
would be interesting to generalize this argument to field theory to understand the structure
of the infrared logarithms in the cosmological perturbation theory.
One usually attributes the emergence of infrared logarithms to loop effects. This is nat-
ural since in field theory calculations they normally appear in loop corrections. However,
loops do not exist in the minisuperspace approach yet we still encounter infrared logarithms
implied by the Heisenberg picture equations of motion. This indicates that neither the loops
nor the modes running in them may not be the primary reason for the existence of infrared
logarithms. Indeed, consider as an example the three point function 〈φ(k1)φ(k2)φ(k3)〉 of a
12
self-interacting massless test scalar field. It is not difficult to see that this correlation func-
tion is time dependent at tree level because of a cubic interaction term HI = g a
3
∫
d3xφ3,
even at late times when k1, k2 and k3 become superhorizon. Choosing the vacuum and
correspondingly the mode functions determine the precise form of this time dependence,
e.g. for the Bunch-Davies vacuum one gets an infrared logarithm. The crucial point is that
the cubic interaction induces nontrivial superhorizon evolution which is not exponentially
suppressed. In single field inflation, one may see that ζ self interactions cannot produce
such effects mainly because of the shift symmetry (as shown above, pure ζ interactions
containing no derivatives, which are potentially dangerous, actually disappear after inte-
gration by parts). Nevertheless, in the presence of a spectator field there are interactions
which yield non-negligible superhorizon evolution both in classical and quantum theories.
We expect these conclusions to hold irrespective of the gauge conditions or possible explicit
non-localities present in the action.
Hence, the emergence of infrared logarithms or some other form of nontrivial superhori-
zon motion has a dynamical origin related to suitable interactions. Remember that in the
minisuperspace model, solving the unitary evolution nonperturbatively gives only a single
infrared logarithm as opposed to perturbation theory and this shows the importance of de-
termining dynamics correctly. On the other hand, the initial state chosen is also crucial in
fixing the exact form of the superhorizon time dependence. Of course, loops also arise from
such interactions sandwiched between states. As discussed in [22], some corrections related
to superhorizon modes are projection effects that define the mapping between physical scales
of inflation and post-inflationary universe, and these disappear in observable quantities. One
way of understanding projection effects is to keep in mind that the decomposition of the
metric into background and fluctuation parts is introduced for computational convenience.
Strictly, the full metric must be used in relating the comoving and physical scales. In the
minisuperspace theory any constant piece of ζ will disappear as a projection artifact but
a time dependent part represents a real physical effect, modifying for instance the Hubble
expansion rate.
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